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1. 
The basic result of Galois theory asserts that if KC L is a finite normal separable 
extension of fields, then the assignment 
F- Gal(L/F) 
establishes a bijection between intermediate xtensions Kc Fc L and subgroups of 
Gal(L/K). 
J. Kennison [7] raised the question of whether this result holds true in a topos. He 
showed that the naive generalization, in which one takes Gal(L/K) to be AutK(L), 
the internal group of K-automorphisms of L, does not work, by means of the 
following counterexample: 
Consider the topos sh(l) of sheaves on the unit interval. For any set A, let A 
denote the constant sheaf on I with each stalk isomorphic to A. The standard 
inclusion of the real numbers in the complexes gives an extension of fields iR c C in 
sh(Z), which is certainly a finite normal separable extension at each stalk. We may 
construct the sheaf Autw(C) of iR-automorphisms of C and it should come as no 
surprise that this is isomorphic as a sheaf of groups to Z2. Now take F to be the 
subsheaf of C whose stalk Fr is C for 01 t < 1 and IR for t = 1. This gives an 
intermediate xtension 
Since [O,l) is dense in I we find that AutF(C) is the trivial subgroup 0 of 23. So we 
have 
AutF(C) = Autc(C) 
despite the fact that Fis a proper subsheaf of fields of C. We conclude that the naive 
generalization of Galois theory does not work. 
In [7] Kennison introduces a relational system on L which he calls a theater of 
action. In toposes for which the axiom of choice holds, theaters of action turn out to 
be equivalent to continuous actions by profinite groups. He shows that if Galois 
theory is reformulated in terms of theaters of action then it generalises well. 
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In this article we present another, but closely related formulation, to answer the 
question “what is the Galois group?“, Before proceeding to our answer, let us first 
recall that Galois theory works for normal separable, but not necessarily finite, 
extensions if we enrich the Galois group with its Krull topology. A fundamental 
system of open neighbourhoods of the identity element in Gal(L/K) for this 
topology is given by the subgroups Gal(L/F) for F an intermediate extension of 
finite degree over K. Then the assignment F-Gal(L/F) establishes a bijection 
between arbitrary intermediate xtensions F and closed subgroups of Gal(f,/K). 
Experience has shown that from the point of view of topos theory, the important 
aspect of a topological space is not so much its set of points as its locale of open sets. 
A locale [1,2,5] is a complete lattice in which finite meets (A) distribute over 
arbitrary joins (V). A map f of locales from L to L’ is defined to be a function f * 
from L’ to L which preserves finite meets and arbitrary joins. For any topological 
space X we have the locale O(X) of open sets of X, and 0 clearly defines a functor 
from the category of topological spaces and continuous maps to the category of 
locales and maps of locales. The restriction of 0 to the full subcategory of sober 
topological spaces is full and faithful. The notion of locale is a natural generalis- 
ation of that of topological space, and the concept of locale is easy to formulate in 
any topos [9]. Many notions of topology have more or less obvious extensions to 
locales. One of these that we shall need is the notion of a closed sub-locale. Let L be 
a locale and x an element of L, and let LI denote the up-segment above x, 
{y E L Ixsy}. Then Lx with its natural partial order is a locale, the closed sub-lode 
of L complementary to x. The map of locales 
given by i*(y) = yvx we refer to as the inclusion. The category of locales has finite 
limits, so we may talk about group locales, their closed subgroups and so on. 
One way locales often arise is as Lindenbaum algebras for geometric theories. 
Given a geometric theory T, the rules of intuitionistic deduction give the notion of 
provability within T. The Lindenbaum algebra of T is the locale whose elements are 
equivalence classes of propositions, equivalence being defined as provable 
equivalence in T, and whose partial ordering is given by provable entailment. 
For example, if K C_ L is a normal separable xtension of fields, we have the theory 
of K-automorphisms of L. Its Lindenbaum algebra is a locale we denote by 
H(L/K). Later we shall give a description of H(L/K) in terms of generators and 
relations. It is a group locale. We shall prove that the assignment F-H(L/F) 
establishes a bijection between intermediate extensions and closed subgroups of 
H(L/K), and this holds in any (Grothendieck) topos. In Sets we have N(L/K) = 
O(Gal(L/K)); Kennison’s counterexample shows that this is not true in general. In 
summary, Galois theory generalises to arbitrary toposes so long as we take not 
elements, but open sets of the Galois group as the primitive notions with which to 
formulate it. 
There is an alternative and equivalent formulation of this result, which is perhaps 
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more suggestive. For any topos 6’ there is an equivalence between Loc(i:), the 
category of locales in G, and the category of localic P-toposes [5]. If L is a locale in 
6, we have the A-topos sh(L) of &-valued canonical sheaves on L. Conversely, given 
a localic G-topos .Jc; we get a locale in B by considering the direct image along the 
structure map Y-+6 of the subobject classifier of J. These two processes are 
inverse equivalences. 
So, given a normal separable extension of fields Kc L in a topos 6, we get an G- 
topos sh(H(L/K)), the classifying topos for K-automorphisms of L. It is a group in 
the category of A-toposes, and its closed subgroups are in bijective correspondence 
with intermediate xtensions. When ri’ is the topos sh(X) of sheaves on a topological 
space X there is a simple description of sh(H(L/K)) (see [7]) as sh(G) where G is the 
topological space over X given by 
U Gal(L.JKx) 
xeX 
with a subbase of open sets 
for CJ an open set of X, and for a and b sections of L over I/. This topology induces 
the Krull topology on each fibre. 
There is an obvious sense in which B/L is a field in the category of t -toposes. We 
have sufficient limits and exponentials available to construct in the category of 6- 
toposes the object of 6/K-automorphisms of 6/L. It seems fairly clear that this 
object must be sh(H(f./K)), though I have not proved this. In any case, it is the <i- 
topos sh(H(L/K)) which really deserves the title of “Galois group of the extension 
KG L”. 
2. 
Let us establish some notation. We shall make extensive use of the >litchell- 
Benabou language of the topos 8. For how this language is interpreted we refer the 
reader to [3] and [B]. A commutative ring with unit in d will be called a field if it 
satisfies 
l(O = 1) 
and 
vx. (x=O)v(3y.xy=l). 
The extension of a predicate /? on a field is a subfield if it satisfies 
(i) R-1). 
(ii) Vx V-Y. P(~)~P(u)-P(x+v>~P(xvX 
(iii) Vx Vy . xy = 1 AD(x) -/3(v). 
Given a subfield K of a field L we define further predicates, following the notation 
of 171, by 
OK(KYI, . . . . J'n>r j\i:(X'y"A,.$h. (yi-~j)~=lAi~,a(yl,... ,YJEK 
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where ci denotes the ith elementary symmetric polynomial. For abbreviation we 
shall use a vector notation y for ye , . . . ,yn. Ox(x,y) asserts that x is a root of a 
polynomial over K all of whose roots are distinct and lie in L. We say that the 
extension KG L is normal and separable if L satisfies 
We cannot assert in geometric language that for each x there is a minimum n for 
which this condition holds. In fact this is the crux of why the naive generalization of 
Galois theory does not work. 
Let TO denote the geometric theory of normal separable extensions of fields. 
Using KC L to denote a typical model of To, let us define T to be the geometric 
theory obtained by adjoining to To a predicate y(x,y) on L, L satisfying the axioms: 
(1) vx VY vx’ Vu'. Y(x,Y)AY(x',Y')~Y(~+x:Y+Y')~Y(xr:YY'). 
(2) Vx. XE K-y(x,x). 
(3) (i) Vx Vy W’. YW)WW’P~ =y’, 
(ii) Vx VY Vy . y(x,y)Ay(x’,y)-x=x’. 
(4) (i), Vx VYI **a VynOK(X; y)~y(x,Yl)v~~~Vy~x,Yd, 
(ii), Vy Vxl ..- vx"O~Cv;X)-)Y(XI,Y)V~~~~Y~xn,Y). 
Of course y is the graph of a K-automorphism of L, so that a T-model consists of a 
normal separable xtension of fields KG L together with a K-automorphism of L. If 
To, T denote the classifying toposes of To and T [3, IO], then we have a geometric 
morphism 
T-To 
classifying the underlying To-model of the generic T-model. Given a particular To- 
model K I; L in a topos 8, we get a geometric morphism 
Q-+TO 
classifying it. Form the pullback ([3]) 
T- To 
Then 
Y(L/K) ---1,G 
classifies K-automorphisms of L in d-toposes. That is to say, if we denote the 
inverse image along 
Y(L/K)+T 
of the automorphism whose graph is y by CJ, then Q is the generic K-automorphism 
of L. This means that for any 8-topos 
/ /c- 8 
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we have an equivalence of categories 
Tops(z S(L/K)) A AutpKCf*L) : h - h*(a) 
It follows that Y(L/K) is a group in the category of f-toposes. We want to justify 
the claim that Y(L/K) deserves the title “Galois group of KC L”. 
Now let us see how the axiom scheme for the predicate y(x,Y) given above defines 
a presentation for a locale H(L/K) in 8. The category Loc( 8) of locales in 8 has as 
terminal object the subobject classifier Sz. So for any locale L in 8 there is a unique 
map of locales 
We shall adopt the notation U*(X) = [xl, for x a variable of type Q. We shall confuse 
logical notation with algebraic by using V for disjunctions and joins, and A for 
finite conjunctions and finite meets. We will use 5 for the partial order relation on 
locales. We define H(L/K) to be the locale generated by symbols y(x,Y), where x, Y 
are variables of type L, subject to the relations: 
(H.1) Y(x,Y)AYtx’,Y’) 5 y(x+ x’.Y +Y’)AY(xx’,YY’). 
(H.2) [XE Kg 5 y(x,x). 
(H.3) (i) Y(~,Y)w(~,Y’) 5 BY =u’L 
(ii) y(x,~bV+‘,~)s fx=x’8. 
(H.4) (9, BO~(x;y)P(~(x,~~)v...vy(x,y,), 
(iih IO&; x)15 y(x~,y)V..-V~(x~,y). 
It should be clear that I(L/K) is the localic b-topos sh(H(L/K)). In what follows 
we will abbreviate H(L/K) to H. 
The product HxH in Loc(&‘) is the locale generated by symbols y’(x,y) and 
y”(x,y) each satisfying separately the relations given above. If PI, pz are the 
projections 
HxH+H 
then we have 
PI*(YkY)) = Y’kY), PmGYN = YVYY). 
Now we describe the group structure of H. We define maps of locales 
HxHL H, Qn--9--, H, H&H 
by the formulae 
m *(Y(x, z)) = V Y’(x,Y)Ay”o? z), 
e*(Y(x,Y)) = C:=vh 
i*bJ(xvY)) = Yti.X). 
It is more or less straightforward to verify that these define maps of locales and that 
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they do define a group structure. Of course, we are simply expressing how K-auto- 
morphisms compose. It is worth mentioning that the infinite disjunction appearing 
in the formula for m* is illusory. 
We shall adopt the abbreviation y(x,y) for 
Suppose that o is a global section of H. For each n >O we obtain a predicate on L’” 
&x,y)=(Y(xVY)~o) 
Since His generated by the y’s we have 
Proposition. The closed sublocale Hw is a subgroup if-and only if 
(9 Vx VY Vz 44 z)+~x,Y)~~Y, I), 
(ii) Vx +(x,x), 
(iii) Vx Vy S(x,y)-6(y,x). 
Proof. We have an isomorphism 
H, x H,= (H x H)p~w~~w 
so that HU is a subgroup if and only if there are (necessarily unique) dotted arrows 
making the following diagrams commute: 
HxH 
m 
bH 
I I 
(H X H)p;(w)vpi(w)- - - - - - - --t Hw 
H i +H 
I T H,_----+H, 
But these conditions are that: 
(0 m*(u) ~Pl*(w)vPi(w), 
(ii) e*(o) 5 1 false], 
(iii) i*(o)_(w. 
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Now from (4)(i) and from the condition that KC L is a normal and separable 
extension we get 
V Y(XJ) = UtrueO 
and so 
V y(x,y) = ItrueR. 
Using this, ie get 
Pi(W)VP30) = 
= v v ~6(x,y)oAy’(x,y) v x0 ,vL U4Y~Z)lAY”(Y~Z) ( n>O *.y >( . > 
= v v m,y>v4y, z>nAy’(x,y)Ay”(y, z). 
n>o r.y.* 
But we also have 
M*(o) = V. I:2 1% Z)~~Y’(~,Y)AY”(Y, 5) 
, * 
so that m*(o)sp:(o)vp;(o) if and only if 
holds. 
VX VY Vz(&x, Z)-+6(X,Y)VS(Y, z)) 
The equivalence of the conditions e*(o) I [false! and Vxl6(x,x) and of the 
conditions j*(a) SW and Vx Vv 6(x,y)-+&y,x) are immediate. 
Given a global section o of H we define a subobject Fix(o) of L by 
x E Fix(u) = Jo 3y1 *.* 3ynO&; J’)A ,;, (x=yiVd(x,y,)). 
Conversely, given an intermediate extension 
KcFcL 
we may define for each n>O predicates 8~(x,y) on L2” by 
B~(x,y)~3f(C)~F[t1,...,tn].f(x)=OAf(y)=l. 
We define also a global section OF of H by 
OF= nyo Iv, i~Ftx,y)b?‘ky). 
We are now in a position to state the main theorem of Galois theory. 
Theorem. If the closed sublocale H(L/K)” is a subgroup of H(L/K), then Fix(w) is 
an intermediate xtension of K c L. Zf F is an intermediate xtension of K c L, then 
H(L/K),, is a closed subgroup of H(L/K). Furthermore, 
FiX(WF) = F, WFix(w) = W 
and H(L/K)w, is the sublocale H(L/F). 
408 G.C. Uiaith 
3. 
The method of proof is the following: we note that the theorem to be proved can 
be expressed as a provable equivalence of two formulae in a separable geometric 
theory, i.e. a geometric theory with only countable disjunctions and axioms. By a 
theorem of Makkai and Reyes [8] it suffices to prove the equivalence of the 
formulae for every model in Sets. What we have to prove is a certain conjunction of 
statements, and we shall need two separable geometric theories to deal with them. 
Half of our proof is precisely Kennison’s (71. 
Consider the theory TI obtained by adjoining to the theory T a predicate defining 
an intermediate xtension F. We want to show that 
F= Fix(uF) 
holds, or that the formulae 
XEF, v 3y, *-* 
/I>0 3YnoK(X9Y)A ;4,(X=yiVBf(X,yi)) 
are provably equivalent. Now the latter asserts that every K-conjugate of x distinct 
from x is not F-conjugate to x. It follows that x belongs to F. 
In the same spirit we note that the sentences 
Vx(x E F-, y(x, x)) and ~WF 
are provably equivalent in TI. Because if Kc L is a Tt-model, with G for the K- 
automorphism with graph y and F for an intermediate extension, in Sets, then the 
first sentence asserts that D is an F-automorphism, while the second asserts that if 
a(x) =y then there is no polynomialfover F such thatf(x) = 0 andf(y) = 1, i.e. that 
x and y are F-conjugate. It follows that the two conditions are equivalent. 
As a corollary we get that Y(L/F) is equivalent o the closed complement of oFin 
Y(t/K), or equivalently that H(L/F) = H(L/K&, 
For the equality o = OFix(w) we need a different theory T’, obtained from T by 
adjoining predicates 6(x,y) on L , 2n for n >O, satisfying the following axioms 
(Kennison’s axioms for a theater of action): 
(A 1) (i) Vx Vy Vz &x,z)-+&x,y)v4y, z), 
(ii) Vx 7 6(x,x), 
(iii) Vx Vy &x,y)+a(y,x). 
(d2) vx VY ~K(X,Y)-*W,Y). 
(43) (9 Vx VY Vz 4(x,x), 0, z)v(u = z)), 
(ii) Vx Vy Vu Vb Vc 6((x, y,x + y), (0, b, c))va + b = c, 
(iii) Vx Vy Vu Vb Vc 6((x, y,xy), (a, b, c))vab = c. 
(d4)n t/x Vy V’a Vbl ... t/b&&a, b)A ,~,6(x~,Ybd+~(X,Y). 
(d5) (i) Vx Vy G(xxn,yyn)d6(x,y) (x=(x1, . . ..xd etc.), 
(ii) Vx Vy Vx’ Vy’ 6(x,y)+&xx’,yy’), 
(iii) Vx Vy &x,y)-+&x~,yn) (xn = (x=(l), . . . ,xm)7c B Sn). 
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First we show that if o = V,,o[G(x,Y)BAy(x,Y) is such that H(L/&, is a subgroup 
of H(L/K), then the 6’s satisfy the axioms (d l)-(d5). We have already seen that 
(d 1) is satisfied. (42) follows from 
I~K(x,Y)JAY(x,Y) = Ifalsel 
an easy consequence of the axioms for y. 
(d3) follows from (H.3)(i) and (H.l) and the fact that fields are decidable. For 
example, from (H.3)(i) we have 
83t. (y-t)t= lBAu(~,y)Av(x,z)=IfalseR 
whence we have 
3 f * (Y - z)t = 14 6((x, x), (Y, z)) 
Now we use the fact that L satisfies 
3t. (y-t)t= lvy=t. 
(d3)(ii) and (d3)(iii) follow by an almost identical argument. From (H.4)(& we have 
whence (d4),, is immediate. @S)(i) is a consequence of the idempotence of A, @5)(i) 
follows from 
Y(xu’,YY’) = Y(KY)AY(X’,Y’) 5 Y&Y) 
and (d5)(iii) follows from the associativity and commutativity of A. 
What we have to prove is that Fix(o) is an intermediate extension and that 
d=dFix(w). Following Kennison, suppose that we have a T-model in Sets. Call a 
relation g G L x L pre-admissible if 6(x,y) implies that (Xi,Y;) Bg for some index i. 
Call g admissible if it is maximally pre-admissible. Axiom @3)(i) implies that pre- 
admissible relations are the graphs of partial functions. First we show that 
admissible relations are the graphs of functions. 
We argue by contradiction; suppose that aeL were not in the domain of an 
admissible relation g, and suppose that OK(a,b) holds. For each index i we must 
have a pair (x(‘),y(‘)) such that g(x(‘)) =y(‘) and &x(‘)a,y(‘)b;) holds, or else 
gU {(a, bi)} would be a strictly larger pre-admissible relation. Let x=x(‘)x@).-. xc”) 
and y =Y(‘)y(2)+,.y(“) (concatenation, or direct sum of vectors); then S(xa,ybi) and 
g(x) =y hold for all i. By (d4) this implies 6(x,y), a contradiction. 
It is clear that g is admissible if and only if g-* is, so that (d2), (d3)(ii) and 
(d3)(iii) imply that admissible relations are graphs of K-automorphisms. In fact we 
see that S(x,Y) holds if and only if g(x)fY for all admissible g, and furthermore 
XE Fix(o) if and only if g(x) =x for all admissible g. 
It follows that Fix(o) is an intermediate xtension and that 6(x,y) and 8Fix(wJ(X,Y) 
both mean that x is not Fix(o)-conjugate toy. 
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